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SUMMARY 


In  order  to  determine  the  aerodynamic  force  and  moment  characteristics 
of  a  missile  from  flight  tests,  it  is  necessary  to  have  measurements  of  the 
linear  and  angular  accelerations  about  the  three  reference  axes.  Since 
angular  accelerometers  having  the  desired  accuracy  and  capable  of  with¬ 
standing  the  environment  of  the  ISM-65  missiles  are  not  available,  it  has 
become  necessary  to  obtain  these  measurement**  through  the  use  of  linear 
accelerometers,  nils  report  presents  the  results  of  a  study  to  determine 
the  minimum  number  of  accelerometers  required  to  acompllah  these  measure¬ 
ments  and  a  study  to  determine  the  relative  contribution  of  each  instrument 
toward  the  net  measured  acceleration. 

By  analyzing  the  general  equations  for  the  net  measured  acceleration, 
it  is  shown  that  the  contributions  of  the  centripetal  accelerations  are 
negligible  providing  the  angular  velocities  are  moderate.  This  permits 
a  reduction  of  the  required  linear  acceleration  measurements  from  nine  to 
six. 

Then,  using  the  instrument  locations  current  in  September  1956,  from 
Reference  1  through  J,  a  numerical  analysis  was  made  to  determine  the 
relative  contribution  of  each  instrument.  The  results  are  given  in 
Ecuations  7  to  18. 

Equations  7  to  12  are  valid  for  the  general  case,  but  Equations  13 
to  18  are  valid  only  for  the  configuration  used  in  this  report. 
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INTRODUCTIOH 


During  the  design  of  a  missile,  estimates  are  made  of  the  aerodynamic 
forces  and  moment  characteristics  based  on  theoretical  and  wind  tunnel  data. 
The  theoretical  values  are,  of  necessity,  based  on  certain  assumptions 
regarding  the  effects  of  viscosity  and  compressibility  vhili  the  wind  tunnol 
data  contains  some  interference  from  the  system  used  to  support  the  model. 
Consequently,  it  i3  most  desirable  to  obtain  a  fi^al  check  on  tbs  accuracy 
of  the  predicted  characteristics,  from  flight  tests  of  the  full-seale 
vehicle. 

furthermore,  since  the  ISM-65  is  statically  unstable,  a  certain  angle 
of  attack  limit  exists  beyond  vhlcb  the  gimballed  rocket  thrust  chambers 
cannot  trim  the  missile.  Should  this  limit  inadvertantly  be  exceeded  in 
the  flight  test  it  should  be  possible  to  define  the  limit  from  the  data 
obtained  and  thus  provide  a  check  on  the  predicted  limit. 

In  obtaining  these  aerodynamic  characteristics,  two  primary  measure¬ 
ments  are  the  linear  and  angular  accelerations  about  the  three  reference 
axes.  Current  instrumentation  planning  includes  the  use  of  servo 
accelerometers  to  obtain  the  linear  accelerations,  but  no  angular  acceler¬ 
ometers  that  provide  the  required  accuracy  and  which  meet  the  XSK-65 
environmental  specification  are  available  in  time  for  the  first  flight 
vehicles.  Consequently,  it  is  necessary  to  obtain  angular  accelerations 
by  using  linear  accelerometers  and  a  "base-line"  technique. 

The  study  reported  herein  was  undertaken  to  determine  the  minimum 
number  of  linear  accelerometers  required  to  define  the  linear  and  angular 
accelerations  about  the  three  reference  axes.  As  a  supplement,  equations 
were  obtained  to  show  these  net  accelerations  in  terms  of  the  acceleration 
measured  by  each  instrument. 
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DISCUSSION 


The  instrument  locations  currant  in  September  1956  for  the  X3M-65A 
S/N4  missile  from  Referemces  1  through  3  ara  shown  In  Figure  1.  Too 
geometry  is  presented  in  Table  I. 

!m  shown  in  the  detailed  development  of  Appendix  A,  the  analysis  of  the 
general  acceleration  of  a  body  requires  the  measurement  of  linear  accelera¬ 
tions  ,  angular  velocity  and  angular  acceleration  about  each  of  three 
orthogonal  reference  axes.  To  accomplish  this,  nine  measurements  are 
necessary.  However s  when  the  equations  for  the  output  of  the  instruments 
are  written  and  the  maximum  expected  values  of  the  linear  and  angular 
accelerations  and  angular  velocities  are  substituted  from  Reference  4,  it 
is  evident  that  for  the  moderate  angular  velocities  used,  the  centripetal 
accelerations  are  small.  Consequently,  the  number  of  measurements  may  be 
reduced  from  nine  to  six  leaving  only  the  linear  and  angular  accelerations 
to  be  determined.  The  six  equations  are: 


Am,  m  CL*'  CC,  (U,  -  *  0Cf  (  Z,  -  (  I ) 

Amx  *  a*  -  octhjx-Uij)  +  ay(Zs-2*f)  (z) 

i 

Ax 3  *  4*-  oc, +  ocy  (u  (3) 

Aj4  *>  a^  -  ou ( Xa * Xyi  +  0(x(2+-'£(p)  (4) 

Air  -  a1  -  0(x(xf-Xcf)+  <Xx(z*  -7 cf)  (5) 

Au.  *  at  +  OCflXi.-X<.r)  +  OCflyL  -^y)  (6) 
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Solving  for  the  six  unknown  accelerations  as  shown  in  Appendix  B, 
results  Lm 

^  A}4  -  +■  (x4  -  Xr)0 (t 

ax  ^  - — 

a  s  f  A. t[yA-»0  *A gjjfcjfcj 

*  (y*  z*  *»j  +  (y/Hj  -  yi  ?.)  *  tya 2,  -y, 


a*  * 

CLk  • 

/)*#  + 

ay  * 

Aj*  r 

a*  * 

Ait  - 

I/O) 

(/#) 

(/*i 


Bsing  the  geometry  of  Figure  1  and  Table  I,  and  the  center  of  gravity 
location  fro*  Reference  5  which  corresponds  to  an  initial  gross  weight  of 
201,254  pounds,  the  above  equations  were  evaluated.  The  time  chosen, 
t  s  60  seconds,  is  the  time  of  maximum  dynamic  pressure  and  minimum  allowable 
angle  of  attack.  The  following  equations  were  obtained  in  Appendix  C« 


CX*  *  oo/Tffrfxi  + x>o/TfT  Aa%  +0/9490  Ay*  -oi}49o/\y* 
Ofy  *  .oofit/  Atu  -  o/949oA*x  -i-Oto/ZyAa 
Ob  •  +  094U7//** 

(X*  -  .404/94 An  +.904 239 Act  +.39ISK7/I** 
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a<f.  •  -  099*9 Ai  ♦  .099*9 A,i  +  79fW  Ap  *  •  Ay  ( /?) 

4?  <  *x>oo4t&  Axt  -.02/829 An  +  oZ/3isAx»  +./o)443  Af*  ~./o3443  Ays  +Au  (/9) 


These  equations,  13  to  18,  are  good  only  for  the  specified  geometry  ani 
center  of  gravity  location. 

Equations  13  to  18  show  the  relative  contribution  of  each  instrument 
toward  the  measurement  of  the  net  acceleration  about  any  of  the  three 
axes.  These  equations  may  be  then  used  to  evaluate  the  effect  of  an 
error  in  any  instrument  upon  the  final  acceleration  measurement  accuracy. 
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TABUS  I 


£§&&>&  Jgce.3»ggfiBe^g?_^d 
Center  of  Gravity  Locations 


Accelerometer 

Accelerometer  Locations 

Inches 

Inches 

Inches 

A1 

11.33 

63.40 

1045.25 

A 2 

-  0.45 

-  2.50 

429*55 

A3 

-11.33 

-63.40 

1045.25 

A4 

14.28 

63.40 

1045.25 

A5 

- . . —  ... 

2.00 

-  0.30 

429.55 

A6 

-14.28 

-63.40 

1045.25 

C.G.  Location 
at  t  =  60  sec. 

G.  Wt  a  201 ,254  Lbs. 

-  0.84 

0.29 

919.50 
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The  output  of  each  accelerometer  will  include  components  of  acceleration 
resulting  from  translational  acceleration,  angular  acceleration  and  angular 
velocity.  The  outputs  of  the  various  instruments  may  be  written  as* 


Axi  9  o. x  —  hJ*  (x,  -  x7)  ~  ) - ota i  ) 

Alt «  a*~M*(x*-Xc;)-L^Ux*-X?)-0(i(yl-y7)+0(y(2x-2r) 

An  9  a*-Ujl(X'-)(^)-uf(Xi  -^)-0 ufa-ftj+Ofjlis-fy) 
Ay*  - *  lj*x ( iy*  ~ (x4~x<j) +0k(2i~£7) 
Ajt  *  Qy  -  bj%  (y$  - tjfy)  ~ Uki^t  ~0C»{Xf~Xy)4&x(lt~27) 

Am  9  CU  •uifaly)  -0jfUi.-2'j)+Q(y(XL-Xcf)+0(Ay'.  ’j/y) 


These  six  aquations  contain  nine  unknowns,  ax,  *y»  aa,  «x»  Wy ,  v*,  and 
0(x,Ofy,Gfe  so  that  in  theory  three  more  equations  are  required  for  solution. 
However,  by  examining  the  magnitude  of  each  term,  three  unknowns  may  be 
eliminated. 

At  t  =  60  seconds,  the  time  corresponding  to  maximum  dynamic  pressure, 
the  instrument  outputs  were  evaluated,  Using  the  maximum  expected  values 
of  the  accelerations  and  angular  velocities.  The  values  used  are* 

c Xx  ~  H>  ft/sec* 

Ay  ~~  /6  ft/i*c  * 

At  Z..15 ^  *  6J.I6&  •ft/stc3’ 
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Ud%  ~  3  dtp /sec  ~0-0523C,  fh  J /sac. 

UJp  ^  3  Jcy/ Sec  -  O.OS23&  Cad/stc 

LJ\  ~  3  de^/sec,  *  o.  a£‘23&  fa  J  /sac 

CYx  ~  25  dey  /sec  «  0.43*33  /ad  yia c 

af  ~  25  dtp /sec  ™  0.43633  ra  d/s*  c 

^  25  dcf/st c  *  0.43 633  rad /sec 

where  - 

^  ^  translational  acceleration 
U)  a^  angular  velocity 
0(  as-  angular  acceleration 

Substituting  these  values  and  the  geometry  from  Table  I  into  equations 


A1  to  A6  results  in« 

/L  *  /4  -  0.003  -  o.o<?3  -  2.225*  +  <7-572  M7) 

A*  *  /4  ~  O.oooo9  -o  oooo9  4-  0/0/  - /7  8/$  l Ad) 

Aks  »  /4  +  o  c?o2  4-  ooo2  +Z  3/£  +4  57Z  ( A9) 

A*4  =/6  -  o-o//  -  o.o/4  -  0.550  +  A.S7Z  (  A/o) 

ftp  *  /4  **  0.000/  t  o.ooo/  -  o./o3  -  /7.6/5  (A//) 

Am  ~  69/66  -art?  -0.079  -  a  *5?  -  2  3/4  </?/2) 


It  is  evident  in  each  equation  that  the  contributions  of  the  second 
and  third  terns,  which  are  due  to  the  angular  velocities,  are  quite  small 0 
Therefore,  these  terns  nay  be  neglected.  The  six  remaining  unknowns  then 
are  the  three  translational  accelerations  and  three  angular  accelerations. 
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Depending  upontthe  direction  of  the  angular  accelerations,  when  the 
translational  acceleration  is  at  a  narimun  the  lnstruaent  outputs  nay  vary 
between! 


9.121 

/4*. 

£ 

22.873 

-/.9/7 

/)xx 

£ 

33.9/7 

9/07 

£ 

/)*3 

4. 

22.893 

/ 0-849 

4- 

(¥ 

4. 

27 15/ 

-Z92.9 

4- 

33.929 

A 

A* 

4 

72.028 

Therefore,  it  is  not  necessarily  apparent  from  the  output  of  a  single 
instrument  whether  the  translational  acceleration  has  reached  its  naxlnun 
amplitude  at  any  instant  of  tins.  This  should  be  kept  in  mind  when 
analyzing  flight  records. 
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APPENDIX 


After  eliminating  the  angular  velocity  terns  from  Equations  A1  to 
they  may  be  rewritten  ast 

A**  **  a*- + (XfU.-Zyj 

^x*  *  O,*  -  0( | -Ljy )  +(Xp(2i 

Axi  m  a*  -0^1  ( Us +0^ (2$ ”Z^) 

Ay*  *  *  0i*(2*~j!cj\ 

Ayf  m  Gy  “0(i  (Xr~Xy)  +  (Xf(2f~2y) 

As  &  *  <2?  *  +  &y(Xk-  Xy )  +oc 

Forming  a  determinant  from  the  first  three  equations  leads  tot 


"(Hi  ’H<$) 

-(yy 

-!rh\ 

7-77 


f*  -2,1 

f*  -fy 

(h'2y) 

(Jri,) 

(it'ty) 

(jZj-2^) 


V  t1 

/  /IX3 
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/£/) 

(A2) 

(iWj 

(64) 

(66) 

(*) 


(67) 


(86) 


(89) 


(8tc) 
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Solving  then  forQfy,  Qfz  aw*  ax  yields 

a,  -  Ay.  - 

'  £  -  y»a)  z)  t  tyii  -y,z) 

(e/i) 

Q/u  -  Dxi  «  /4x/  £?*  ■  j?sl  +  &5  -2,  ]  +  Axs[z,  '  2x3 

^  (ft  Zt  -frli )  +  (ft  It  ~ftZ  )  ■£*  2,  2z) 

(6/2.) 

~  Aa  _  A XI [(ft  +•  V«^(  Fs-iz)  +■ 

^  (ft2*~ftih)  +  (ft%s~ftiZt)  +  1^*2/ 

Axffoz.  -  V-Zs)  tv«y  (*»  -Z.)  4 

(£Z1-*Uj)+/<y,Z?-#2)+(yl2i  -/,?.) 

,  Ajt/yxz, -zzo+y*,  (zi-zi+Zvfa-Ml 

(3/3) 

(ft  h-ft  2%) + (y,  2i  -ftl, )  *  (ft  2/  -ft,?*) 

Alternate  forms  of  the  solution  for  ax  are 

*  /)*/  +■  (ft "  fty  ^  "  fry  ( *?i  * 

(&'*) 

*  Aa  f  QTi  (ya  -  -  0^  (  Zt  -2^) 

(3'S) 

a?  «  4x3  +  ofj  -^c,)  -  (Zfit,-  tcf) 
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'-p 
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4#  "  4*  +  Cl£i  (x4 -Xr) 

f  Z,  “  ?sj 


4*  X*  -  Xr  /4,[*x  *  ?J + /)xrf?5  -£  ]  - 1*] 

-  2r  Z4  "xV  \  (y,  2,  -ffy  ^ 

Then  ay  may  be  obtained  from  either 


(BIS) 


at  *  4«  +  ^  (x^-x^) -oc,(74-2,;) 
a>  =  +%  (x,  -x^)  -cv,  -?7; 


f^/x; 

f«2°) 


Finally  solving  B6  for  yields 

<3*  *  /?«.  -  O';  / Xa-X?)  -  <Y*  ty.  -y7j  fa2/, 
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CLf  -  -.0994SS Axt  +  Q994SQ  A*s  *704239  Ayf  (  C/O) 


From  (B  21  j 

dt  •Arc  t  /Z  (oo9W  A*  I  ~o/949oA*x  +  a/oizj  Ax*  ) 

+  ^JZ^(.Of949o  Ap  o/949bAfs  ‘Oo488aA*i  +.00/868 An  )  (  c/l ) 

a,  *  .000463  An  -  .02/629 A*Z  +  .OZI3t>9  Axs  +./03443  Ap. 

-/ 0344 3  Ays  +  Ad*  (C/Z) 


The  numerical  values  of  the  coefficients  are  good  only  for  the  geometry 
specified  in  Table  I.  Since  the  location  of  center  of  gravity  will  change 
with  time,  these  coefficients  will  vary  with  time.  In  addition,  the  location 
of  the  instruments  may  change  which  would  also  cause  the  coefficients  to 
change  from  the  values  quoted  herein.  Consequently  before  using  any  of 
these  relations  in  data  reduction,  all  numerical  quantities  should  be 
carefully  checked. 


/ 
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